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EISENSTEIN-TYPE SERIES ASSOCIATED TO PARTITION RANKS

KATHRIN BRINGMANN, BADRI VISHAL PANDEY, AND JAN-WILLEM M. VAN ITTERSUM

ABSTRACT. In this paper, we introduce a class of functions that behave like classical Eisen-
stein series in many ways, but with a key distinction: only their non-holomorphic completions
transform like (quasi)modular forms. We show how the partition rank generating function
can be expressed in terms of partition traces of these functions. A key feature of our con-
struction is that the completions satisfy a holomorphic anomaly equation—a phenomenon
typically seen in the context of quantum field theory and string theory. We also show that
the Fourier coefficients of these Eisenstein-type series are integral.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper, we introduce a new class of Eisenstein-type series. These series share several
structural features with classical Eisenstein series, but differ in a crucial respect: only their
non-holomorphic completions transform as (quasi)modular forms. To motivate their defini-
tion, we first explore their connection to the rank generating function, before examining their
further properties in detail.

1.1. Background. A partition of n € Ny is a weakly decreasing sequence of positive integers
that sum to n. We denote by p(n) the number of partitions of n. Recall the famous Ramanujan
congruences

p(bn+4) =0 (mod5), p(Tm+5)=0 (mod7), p(lln+6)=0 (modll).
To explain the first two, Dyson [11] introduced the rank of a partition A, which is defined as
rank(\) := largest part of A\ — number of parts of .

Dyson conjectured that reducing the rank (mod 5) (resp. 7) divides the partitions of 5n + 4
(resp. Tn + 5) into 5 (resp. 7) sets of equal size. This conjecture was proven by Atkin and
Swinnerton-Dyer [5]. In the same paper, Dyson also conjectured the existence of another
statistic, which he called the “crank” and which should explain all three partition congruences.
Garvan [15] found a crank for vector partitions and Andrews—Garvan [4] defined a crank for
ordinary partitions. Letting o(A) denote the number of ones in a partition A\, and p(A) the
number of parts strictly larger than o(\), the crank is defined as

largest part of A if o(A) =0,
0

crank(A) := {M()\) —o(\) if o(A) >
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Let N(m,n) denote the number of partitions of n with rank m. Its generating function is

n2

R(Gq) ==Y N(m,n)("g" =Y (Cq)q@q) (1.1)

n>0 n>0
meZ

(see [5]) where (a), = (a;q), := H?;&(l —ag?) for n € Ng U {oc}. Let M(m,n) denote the
number of partitions of n with crank m, except for! n = 1 where M(—1,1) = —M(0,1) =
M(1,1) := 1 as given by the following generating function [4]

C(Gq) = Z M(m,n)¢"q" = (quiq()gjlq)
n>0 o0

meZ

(1.2)

Modularity properties of the rank and of the crank generating function differ significantly:
the crank generating function is basically a meromorphic Jacobi form, whereas the rank
generating function is a “mock Jacobi form” [8]: it only transforms like a Jacobi form after
adding a non-holomorphic term (see Subsection 2.3 for the precise transformations of the rank
generating function). We next consider the crank moments [3]

Crlq) = E m* M (m,n)q".
n>0
meZ

These moments can be written in terms of quasimodular forms. In [1], the authors expressed
these as a so-called partition Eisenstein trace. Here, for a sequence of functions h = {hy }ren,
define, for n € N, the n-th partition trace with respect to h and a function ¢ on partitions as

Trn (¢, 15 7) =Y $(A)ha(7),
AFn

where the sum ranges over all partitions of n and for A = (171,22 ... n™") I n, we set
n
ha(r) =[] 277 (7).
j=1

Partition Eisenstein traces are the partition traces with respect to the sequence of Eisenstein
series G = {G}ren. Here, G}, is the Eisenstein series® of weight k € 2N, given by

B .
Gi(r) = —2713 + Z mk=Lgnm (q:= €™, 7 € H:= {w e C: Im(w) > 0}),

nm>1
with By the k-th Bernoulli number. By convention, G := 0 for k£ odd. Moreover, define

ko omy

P(A) == H W (1.3)

Jj=1
The following result was obtained in [1, Theorem 1.2].
1The correct combinatorial values for the anomalous case n = 1 are 1 if m = 0 and 0 for m # 0.

2In [1] the authors wrote Gy, for what here is 2Gy, and Try(¢; 7) for what is Trox (¢, G; ) here.
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Theorem 1.1. We have

> Gy =

k>0

2 s1nh
(@)

ZTI‘k ¢,G T)

k>0

The Eisenstein series G play a key role in the theory of modular forms and satisfy many
interesting properties. They have a beautiful connection with Bernoulli numbers in that, for
k > 2, we have

) By
Jim Gy(r) = =5,

For k > 2, G}, is a modular form of weight k£ on SLs(Z) and G5 is quasimodular (see Subsec-
tion 2.1 for the definition). More precisely, we have for (2%) € SLy(Z),

(aT—l—b)_ (eT + d)kG(7) if k # 2, (1.4)
er+d) (CT—i—d)ng(T)—i—i—;(CT—i—d) if k = 2. ’

Another key property of the Eisenstein series is that the corresponding algebra Q[G2, G4, Gg, . . .|
of quasimodular forms is closed under the action of D := qa%.

1.2. Main results. A result like Theorem 1.1 involving the rank moments

= Z mFN(m,n)q" (1.5)
n>0
meEZ
may give rise to an interesting generalization of the Eisenstein series. In this paper, we show
that this is indeed the case. We obtain a surprisingly simple definition of Eisenstein-type
series® gy in (1.7) which seem not to be studied in the literature before. As mentioned above,
the rank moments are related to mock modular forms. Hence, they do not admit an expansion
as a trace of modular Eisenstein series like crank moments. As our first result, we write the
rank moments as traces of the Eisenstein—type series f; defined in Subsection 3.1. The aim
of this paper is to understand these functions fi. We call a real-analytic function f*(7,7) a
quasi-completion of f(7), if f*(r,7) transforms like a quasimodular form (see (2.2)) and if*
limz, ;o f*(7,7) = f(7). If a quasi-completion f*(7,7) transforms as a modular form, then
we call f*(7,7) a completion. If it is clear from the context, then we also just write f*(7)
instead of f*(7,7). Our first result is the following theorem.

Theorem 1.2. There exists a family of functions f = {fr}ren such that

zk 2 smh
Z Ri(q) 5 il
k>0

ZTrk qbafa (16)

)oo k>0

where ¢ is defined in (1.3) and fy has the following properties:
(1) For k> 2, we have

lim fi(r) = Bk

T—100 2]€

3We emphasize that these functions are not constructed by averaging, as is done for classical Eisenstein series.
They are called Eisenstein-type because they satisfy properties analogous to those of classical Eisenstein series.
4Here and throughout, we consider 7 and 7 as independent variables.
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(2) The function fy has a quasi-completion® fr which satisfies, for ((cl g) € SLy(Z),
P <a7+b> N er+ D fr(n) if k # 2,
F\er+d) T \(er+d)2f5(r) + S(er+d) ifk=2.
(3) The algebra F := Q[f2, fa,...,G2,G4,...] is closed under the action of D.

Remark.

(1) As for the Eisenstein series, we have fi, =0 if k is odd; see Remark 3.1.

(2) The functions fi and f; are of intrinsic interest, as they are a step up in complexity
compared to quasimodular forms.

(3) The transformation of f}; agrees with that of Gy up to a factor of 3 in front of cr + d.
This is explained by the (mock) Jacobi forms underlying the rank and crank statistics:

namely, for the rank the corresponding index is —% and for the crank it is —%.

Even though the fj are uniquely determined in Theorem 1.2, properties (1), (2), and (3)
itself do not determine them uniquely. For example, after adding a cusp form of weight k
to each f, the resulting functions still satisfy these properties. To describe the f; uniquely
without involving (1.6), we give two recursive definitions for them involving divisor-like sums.
For this, we define gp € F by gg :=1, g¢ := 0 for £ € N odd, and, for ¢ € N even,

— B — nm — nm
ge(7) == (1 ot 1) T > Ca=sm)lgTm— 3 (n—6m) g (1)
2n—1>3m>3 n—1>6m>6

For r € N, the r-th Fourier coefficient of gy is a polynomial in some of the divisors of r:
namely those positive divisors n, m satisfying the inequality 2n — 1 > 3m or n — 1 > 6m.
Hence, the gi are in spirit of the “mock Eisenstein series” studied by Zagier [25, p.15] and
Mertens—Ono—Rolen [19, equation (1.4)]. Moreover, compare gy with

Flny= 30 ()l

n>m>1
n—m odd

which can be expressed as the Rankin-Cohen bracket of a mock modular form and 73 as
explained in [10, Example 4 on p. 44]. This function goes back to [12, 13], where the authors
studied characters of the N/ = 4 superconformal algebra in two dimensions and the elliptic
genus of K3 surfaces.

Theorem 1.3. Let n € N.
(1) We have

f(T) = 5
(2) We have

fulr) = 30 A T, £:7),

with f = { fe(r)}ren and Y(X) = (~1)Z=1 "™ g(N).

5We consider quasi-completions, because they are more analogous to the functions in Theorem 1.1. In the
sequel, we also study the completions fi of fi; see (3.4) and (3.6) for their definitions.
4



As a direct corollary, we see that the algebra G := Q[g2, 94, ...,G2,Gy,...] is closed un-
der D, and that the elements of G admit a quasi-completion:

Corollary 1.4. We have G = F, where the algebra F is given by Theorem 1.2 (3).

The recursive formulas in Theorem 1.3 suggest that the Fourier coefficients of f; may have
large denominators. However, we show in the following theorem that, with the exception of
the constant term, all Fourier coefficients of fj, are integers, similar as for Gj,.

Theorem 1.5. For k > 2, the Fourier coefficients of fi + % are integers.

Finally, in part (1) of the next theorem, we give an explicit formula for D(fx) and explain
how the raising and lowering operators act on the completions f;, of the® f,,. More precisely,
let F := C|fa, fa, fo,- .., G2,G4,Gg] and define the raising and the lowering operator by

Ry = 22'887_—&—5, L:= —2@'@2887 (k€ Z,m=u+1iv).
In parts (2) and (3), we obtain a recursive expression for the action of the raising and lowering
operators on fk In physics literature, the latter of these falls into the realm of “holomor-
phic anomaly equations”. In string theory, mirror symmetry, enumerative geometry, and
topological field theory, a holomorphic anomaly refers to the phenomenon where a generat-
ing function (or its coefficients), instead of being purely holomorphic, acquires a controlled
dependence on both 7 and 7. A holomorphic anomaly equation describes this controlled de-
pendency through a recursive relation that expresses the anti-holomorphic variation in terms
of functions of lower genus or weight. While these may themselves carry non-holomorphic
dependence, the anomaly equation organizes this structure in a precise and constrained way
(see for example [16, 17, 18, 20]). We let d5 := 1 if a statement S holds and ds := 0 otherwise.

Theorem 1.6. We have the following.
(1) For k > 2, we have

k-1
D)) = 5 a3 — £57) = s fusar) = 3 3 () a0 o).

a=1
(2) The algebra F is closed under the raising operator. In particular, for k > 2 we have
-1

k ~
mfkﬁ (7)

—Z< )fa+1 ) fr-as1(7),

where G = {ék},@ 1s defined by Gr = Gy for k # 2 and Go is the completion of Go,
given in (2.1).
(3) We have L(F) C F @ /v|n|*>F. In particular, for k > 2 we have

dﬁw)=—3@2+gﬁ¢wxwﬁm4mﬁﬁ,

where 1 is defined in Theorem 1.3 (2).

- iRk (fk:(ﬂ) = %!Trk:-i-Q <¢,3@ - ]?,T) -

6See Subsection 2.1 for the definition; in particular, ﬁ and f; agree if k # 2.
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4) If ]?E F is of weight k, then (D + 2£ fx f transforms modular of weight k + 2.
3J2

Remark. We expect that the algebra F is freely generated by the fi for k even and G, Gy,
and Gg (see also question (2) in Section 6). In particular, this would imply that the subalgebra
Q[f2, f4,--.] of F is not closed under applying D, since Theorem 1.6 (1) involves the modular
Fisenstein series.

1.3. Structure of the paper. The paper is organized as follows. In Section 2, we provide
certain preliminaries on quasimodular forms and crank moments, the completion of the rank
generating function, the rank-crank PDE, Pdlya cycle index polynomials, and finally, divis-
ibility properties of multinomials. In Section 3 and Section 4, we prove our theorems. The
last two sections are devoted to examples and open questions.
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2. PRELIMINARIES

2.1. Modular forms and quasimodular forms. The Eisenstein series G are modular
forms of weight k for SLa(Z) for k > 4 even. If k = 2, then we need to add a non-holomorphic
part to make G modular. To be more precise,

1

8mv

Ga(1) = Ga(7) + (2.1)

transforms like a modular form of weight 2. The holomorphic part Go can be recovered by

Clim Ga(7) = Ga(7).

T——100
In general f : H — C is an almost holomorphic modular form of weight k € Z and depth
s € Ny, if the following conditions hold:

(1) We have, for (2%) € SLy(Z),

F(E5) = e v atseo.

2) We have,” for some holomorphic functions f; : H — C with f, # 0,
J

firy =3 10,
=0

(3) The function f grows at most polynomially in % as v — 0.

"The f; here should not be confused with the Eisenstein-type series f;.
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By convention, the function zero is an almost holomorphic modular form of depth —oc.
The holomorphic part fy is called a quasimodular form of weight k and depth s. Note that

o) = i1 (7).

More concretely, for a quasimodular form g of weight £ and depth s there exist holomorphic
functions g; : H — C for j € {0,..., s} with go = g such that, for all (¢9) € SLy(Z),

_ at+b J
(er +d) kg(m-—kd) Zg] <c7'+d>

Similarly, we say an analytic function g*(7,7) tmnsforms like a quasimodular form if there
exist real-analytic functions g;(7,7) so that, for all (a b) € SLy(Z),

i «far+b aT+b j
(er+d)™g (cr—i—d’cv'—i—d Zg] (cr—i—d) (2:2)

The space of all quasimodular forms is a free algebra with generators Ga, Gy, and Gg. It
follows from Ramanujan’s differential equations, [21, equations (1), (2)]

5 7 400
D(Gy) = —2G2 + G D(Gy) = —8G2Gy + 175G D(Gg) = —12G,G + 7(;31, (2.3)

that this algebra is closed under differentiation. We also require the Serre derivative (see,
e.g.. [24, p. 48])
I = D + 2kGq (2.4)

which acts on modular forms of weight k, preserving the algebra of modular forms.
The Dedekind eta function

n(r) = g2 [ (1 - ¢

n>1

is a modular form of weight % It is not hard to deduce the following lemma.

Lemma 2.1. For any holomorphic function f on H, we have
nD <;’;> — Gof + D).

2.2. Crank moments. Set ( := ¢*™*. By (1.2) and [23, equation (7)], the crank generating
function can be expressed in terms of the Eisenstein series. Recall that G = 0 if k is odd.

Lemma 2.2. We have

sm 27?7,2
C(Ciq) = exp 2> Gi(r

k>2
Taking 7 — i0o, we obtain the following lemma, which was also observed in [2, Lemma 3.1].

Lemma 2.3. We have

3 1 By, (2miz)*
= exp| — —
2 P k&
k>2




Recall that the Bernoulli numbers B,, are defined as the constant terms of the Bernoulli
polynomials B, (z) of degree n, which satisfy

tn teXt
%%Bn(X)n! =5 (2.5)
BX+¥) =Y <Z> B, (XYY, (2.6)
k=0

BY(X) = nBy_1(X). (2.7)

2.3. Mock modularity of the rank generating function. The rank generating function

can be written as a Lerch sum
n(3n+1)

R(Gq) = tq;of ZZ (_?ingj . (2.8)

Note that this closely resembles the following representation of the crank generating function

R o Vi
Cleia) = (@)oo 2 1 —qu”
ne”L

In Subsection 4.1 of [6], the first author defined (using different notation)

; 1
R*(z;7) := 7{%&’ q)1 q_714 + fq_é Z +¢FLS(32 + 7;37) 612”2(;2(7)32, (2.9)
(z-(7x 2 7

where (7 = u +iv,z =z + iy, u,v,2,y € R)
n2 .
S(z;7) = Z (Sgn(n) - FE ((n + y) NG) )) (—1)”_%(]_7@_2”"37
v
nEZ+%

with E(y) := 2 [/ e~™dt. She showed, building on work of Zwegers [26], the following
transformation:

Lemma 2.4. For (¢%) € SLy(Z), we have
b b
n(aT + > R#< G > = (er + d)n(T)R* (2 7).

ct +d cr+d er+d

2.4. The rank-crank PDE. The rank-crank PDE of Atkin and Garvan [3, Theorem 1.1]
relates the rank and crank generating functions by a differential equation. To state it, we
define the heat operator® (of index —3) as

9 9\
H:=6g—+ (=] .
Y94 (C a¢ )
This heat operator maps Jacobi forms of weight % to weight % and does not change the index.
We state a modified version of the rank-crank PDE which is more convenient for us.

8We point out that we re-normalize the standard heat operator by multiplying by a factor of ﬁ (see [14,
p. 33] for more details).
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Lemma 2.5. We have
1 3 1
o [ CWxCED Y _ 1 gy [ ELD=EED) )
1=¢ 1=¢
Proof. In [7, Theorem 14.28], the rank-crank PDE of Atkin—Garvan was formulated as
1 1 3 1 1
2 C2q 210(¢q) C2q 21 R((;q)
277(T>< 1-¢ = 1-¢ '

1

Multiplying both sides by 1(7) = ¢21(q) yields

1 3 1
2<¢2<q>mc<c;q>> o <n1 <2<q>ooR<<;q>>.

1-¢ (1) 1-¢
We obtain the lemma, using the definition of H and Lemma 2.1 with
1
flz7) = C2(Q)1°°_}E(C’Q). O

We also require the following lemma, inspired by the observation in [9] that the non-
holomorphic part of a certain non-holomorphic Jacobi form, closely related to R¥, is annihi-
lated by the heat operator.

Lemma 2.6. We have

H(R#(z; 7)6_12“202(T)z2> =—H (CQR(f;_qéqm) .

Proof. Using (2.9), it is enough to show
H(q—%c—ls@z g 37)) —0.
From (4.1) of [6], we have

g5 CISBarm3T) = Y (sgn <n - ;) - E((n + g) \/671))) (-1 i ¢ (210)

v
nGZf%

Thus the claim follows once we show that

H((sgn (n— ;) —E<<n+ %) x/671>) 5 —3”) —0.

n2
Noting that H(q_%C*3”) =0 and

0 0
H =H H 2 (= —
()= (g + 11 +2 (¢ef) (e500).
it is enough to prove that
_ y _3n 9 Y __3 / "
0= H(E ((n+v> \/67}>) T OZE <<n+v) \/67)) N 87721)[27TwE (w)+E (w)]w:(""’%)‘/ﬁj‘
Thus we want to show that
2rxE'(z) + E"(x) = 0,
which holds since E'(z) = 2¢~™" and E"(z) = —4nze ™. O
9



2.5. Pélya cycle index polynomials. We require a result about Pélya cycle index polyno-
mials in the case of symmetric group S,,, the set of permutations of the symbols z1, o, ..., Ty,
see [22] and [1, Lemma 2.1] for more details.

Lemma 2.7 (Example 5.2.10 of [22]). We have

S = e (St

n>0 AFn k= 1 ! k>1
as a formal power series in w, where A = (1", 22 . n™n) | n.

2.6. Divisibility of multinomials. Below, we require the following lemma regarding the
divisibility of multinomial coefficients, which follows directly from Bézout’s Lemma.

Lemma 2.8. Foray,...,ap € N with Z§:1 a; = n, we have

ged(ay, ... ap) | \a1,a9,...,a¢

3. EISENSTEIN-TYPE SERIES AND THE PROOF OF THEOREMS 1.2 AND 1.6

3.1. Modularity and completion. Motivated by Lemma 2.2, we define the Eisenstein—type
series fj in terms of the rank generating function as follows:

exp QZf 27”2 . (3.1)

k>1

R(¢;q) =

Remark 3.1. Since R is invariant under ¢ — 71, i.e., 2 +— —z, we have fi, = 0 if k is odd.

In the remainder of this section, we show that the f; satisfies all of the properties in
Theorem 1.2. To define their quasi-completions, we let

R°(z,Z;7,7) :== 2i Sin(ﬂ'z)qiR#(z;7)6_12”202(T)z2
1 1/ _1 1
= R(Gq)+ 5075 (¢ = ¢72) DTSz s, (3:2)

Lemma 3.2. We have
lim R°(z,%z;7,7) = R((;q).

T——100

Proof. By (3.2), we have

lim R°(z,%;7,7) = R((; q)+ q 5 (CQ — )Z:l:{jFl lim S(3z+7;37).

T——100 _m
From equation (4.1) of [6], we directly obtain
lim ¢ 5¢"'9(3z +7;37)
T—— 100
1 2
= E <Sgn <7’L - ) — lim FE ((n —+ g) @)) (_1)n—gq—3TC_3n.
3 T——100 v

nEZ—%
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Now

_lim F ((n + y) \/61}) = lim F (n\/Gv + J(Sy) = sgn(n).

T——100 v V—00 \/27
As sgn(n — 1) = sgn(n) for n € Z — % and S(3z — 7;37) = S(—3z + 7;37), the claimed
statement follows. O

We next introduce quasi-completions f;; of fi. First, we define

(@l(z,77,7) 1 (27722) (2miz)*
2isin(rz)  2miz P Qk%zofu X i | (3.3)

We let? R*(z;7) be the constant term of R°(z,%;7,7) in the Taylor expansion in Z and set
Ji(m) = fro(r, 7).
In terms of these, we define!'®
k

F(z;7) = (oo (z7) 1 Qka m . (3.4)

2isin(mz) 2wz P = k!

Note that f; = 0 for £ odd. We are now ready to prove Theorem 1.2 (2).

Lemma 3.3. The function f} is a quasi-completion of fi. In particular, for (‘Z Z) € SLy(Z),

P (ar+b)_ (c7‘+d)kf,j(7') if k #2,
"Ner+d)  \(er+d)2f5(r) + 3(cr +d) ifk =2

Proof. We start by showing the transformation law of f;. Combining (3.3) and (3.2) with
(1.4) and Lemma 2.4, we obtain

td b g (2m‘z>k(2m‘z>
CT % aT aT ct+d cT+d

) e | |
2miz 50 ct+d cT+d k! /!
_y ar +b Rt z ar+b eqz#@(‘”jﬁ)(ﬁf
et +d cr+d et+d
_ 71_2 T ic 2
= (er + dyn(r)R¥ (23 7)o 2 (G20 b amiie )
_er+d 3ic (2miz)? 27rzz) (2miz)*
= omiz O dr(er +d) 2! k;o Jro(T ¢!

Hence, we get

P <m+b m+b> e+ d)F (e + ) fi o (1,7) if (k,¢) # (2,0),
R\er+d et +d) (c7‘—|—d)2f§70(7',?)—|—3“(67‘—1-61) if (k,0) =

So the transformation formula for f; follows.

9INote that here we suppress the dependence on 7.
10Again F(z;7) depends on 7.



We next show that
lim  fi(7) = fiu(7). (3.5)

T——100

By (3.3), Lemma 3.2, and (3.1) we have

1 e e (@)
I 9 + _ | .
2z amivo T Z fe(m7) k! ¢! 2isin(mz) T%IH%OOR (2,%7,7)
k,£>0
(9)s 2mz k
FYDEEVIEY 2
~ 2isin(mz) R(Ga) = 2 P Z Frlr
Comparing coefficients gives (3.5). O
We also define
3722
o (@)oo (z57)e” 20 2mz
(z7) 2isin(rz) oy o0 ( 2D fulr (3.6)

k>1

Then, by the same argument used to prove Lemma 3.3, we obtain the following result.

Lemma 3.4. For k € N, we have

n fi(7) ifk#2,
filr) = {fQ(T) S ifk=2

In particular

f ar +b
k ct +d

) = (e + d)kfk(T)

3.2. Limiting behavior of f;. Next, we determine the behavior of f(7) as 7 — icc.

Lemma 3.5. For k > 2, we have

Jim () = lim fi(7) = N ) = 5
Proof. Using (2.8), we first compute
(DR @) i (TR ¢
2isin(rz) = 1—¢ R(Ga) =2 ) 1—c¢q® | 1-¢

neL

as T — i0o. Thus, by (3.1),

N

¢ exp 22 lim fy( )(2m’z)k

C -1 271'22 T—100 k"

By Lemma 2.3, we obtain the claim for f.
To prove the claim for f}!, by (3.1) and (3.4), we have to show that

iy (@oo (R (2:7) — R(C39))
T—i00 21 silr;(ﬂz)

= 0. (3.7)




By (3.2), we have
R(7) — R(Ga) = 2078 (€3 —¢8) 30 £¢18(3 £ 7:31).
2 +
Next, note that

S(Bz£7;37) = Z (sgn(n) - E ((n + % + z> \/@)) (—1)”*%(17#6727&71(3&7).

nGZJr%

Using Lemma 1.7 of [26], as 7 — 00 (so v — o0),
1 2
sgu(n) — B ((n £2+ y) \/6*> < enlned s
v

Thus q_§S(3z +7;37) — 0 as T — ioo, from which we obtain (3.7). The claim for i follows
from the claim for f;’ and Lemma 3.4. U

3.3. Differential equations. Next, we look at the action of D on the fj as well as the action
of the raising and the lowering operator on its completions.

Proof of Theorem 1.6. (1) It is well-known, and follows by (2.3), that D(Gy) € F. Thus it
remains to show the formula for D(fy) for k& € 2N which directly implies that D(f;) € F
Using Theorem 2.5, Lemma 2.2, and (3.1), we obtain

2 2miz)k
(@) exp (62Gk(7)( - ) )

k>1
= (ﬁng + <C§C>2 - 6G2(T)) ~oxp 2; fil(r sz (3.8)
- 12ZD fk 27”Z)k 6G2(T) 273@'2 2mz + Zf k quf)k :
E>1 E>1
49 Loy ka 2mz -2 Zfz 271'22 Z! exp 2ka 271'22 ) '
1 E>1

Multiplying by (2mz) exp(—2) p>q fr(T ) m,z k) and collecting all terms with D(fx) on one
side and the rest on the other, we have

k+2

GZD fulr 27mz)

k>1

miz)k
= —3Gy(r)(2miz)’" + exp (22(3Gk(7—) ~ )& x ) ) —1
k>1 :

2

_Zf 271'22 Zf 2mz (3.9)

k>1

13



Using Lemma 2.7 with w = 2miz and zj, %(3Gk — fx), we obtain

exp (23" (3GH(r) — fk(T))(2mz = 3" Tu(6,3G — f;7)(2miz)".

E>1 k>0

k+2

Plugging this in (3.9) and extracting the coefficient of (27iz) on both sides, we get, for

k> 2,
8 D(fu(r)) = Trrea(3G — fir) — ~—2

me?(T)_Z Z ﬁfaﬂ(ﬂfbﬂ(ﬂ.

a,b>0
a+b=k

Multiplying w1th ! yields the claim.
(2) By (3.2) and Lemma 2.6, we have

1 C(Q)wR(z77mT)) 1 ¢2(9)sR(¢q)
H(n(r) I—¢ )_H<n<r> 1—¢ )

Using Lemma 2.1 and then Theorem 2.5, we obtain
1 ° - = 1 ) 3
(H +6Gs(r)) (CQ(Q)OOR (27, T>> _y (C(%oc@q)> _
1-¢ 1
Employing (3.3) for the left-hand side, we obtain
CGa)y X 2iz)!

|
2isin(mz) = 14

Hence, using Lemma 2.2 and the definition of H, we obtain

2 2miz)k
@riz)? exp (GZGk(T)( = ) )

k>1

d d\? 27rzz) (27iz)"
<6q () + 602“)) > fidlr 7
k>0
Taking the constant terms from both sides with respect to Z gives

2 2miz)k
@riz)? exp (6ZGk(T)( = ) )
ep(Qka 2mz ))

k>1
(w2 + (<;)2+6G2<T>)(

Now the shape of the above equation is exactly the same as in (3.8) except that f is replaced
by fi on the right-hand side. Hence, the same calculation as in part (1) gives that

6 k — 1
D (fp(7)) = Trg42 (9,3G — f*557) — (k+1 )fk+2( T)—2 Z Wf;H(T)f;H(T)-
a,b>0
a+b=k

14



Noting that 3G — f* = 3G — f, by Lemma 3.4, we have

6 A 7 k — 1
D) =Tz (636 = Fim) = oy )fM() 23 il (@),
ab>0

a+b=k
From this, it is not hard to conclude the claim.
(3) Since Fis generated by fk for £k € N, @2,G4, and Gg, it is enough to show that
L(J), L(Gs), L(Gy), L(Gs) € Fa f|n|2]-" and prove the formula for L(f}). First, we have
L(Gy) = L(Gg) —0eFa f\7]|2.7: since G4 and G are holomorphic. Next, by (2.1), w

have L(Gs) = 5 € F @ /v|n2F. Finally, we look at L(f;). We compute, using (3.6),
~ o~ ~ 2miz)k
L(F(z;T)) = 2F(z;T)ZL<fk(7')> ( - sy (3.10)
k>0

Using (3.6) again, the left-hand side can be written as

EL
(@B (zim)e” 2 ) (@)oo
2isin(mz) 2isin(mz)

3wz2

<L(R*(z; ) + R (z; 7)37;22) 5

L

Using the above for the left-hand side and (3.6) for the right-hand side of (3.10) gives

Sl s -~ 3 (2miz)"
L(R*(2;7)) = R*(2;7) kzzo <2L<fk(r)> + 47#5’“:2) L2 (3.11)
We next compute, using (3.2),
L(R*(z;7)) = % -3 (g% - g—%) ST HCTIL(S(32 £ 7337)) (3.12)
+

We first consider the plus sign. Applying the lowering operator to (2.10) and using that
by [6, p. 11], we have

L(E ((n + %) \/67))) = Vo6u? (n Q) 6_67”’(7”%)2

v
yields

my? 5 3023
L(S(3z +7:87) = —VBuigice ¥ 3 (n- ) ()i

Next, we turn to the minus sign. Using that S is an even function and changing z — —z
in the above, yields

L(S(3z — 7337)) = L(S(~32 + 7:37)) = —Gvigh (e "5 3 (n + %) ST e

Plugging the above two equations back into (3.12) gives

L(R*(zm»:—\/gv%e S (G- )Zi S (nxY) (i

nEfo

3m(z— z) s —7 W2
= —9 'Uge 2v q24 Sln T2 Zi Z <n 5 ) (_1)n_ga%<i3n7
(A%

nel— 1

15



using that y = %=

2 o) ) 5

k>0

(3.11) and (3.6), we obtain

i\/6U2€37r(22Uz> q214 sm(mz Zﬂ: Z ( :Fz—Z>( 1)”_3*375‘:3”
= — n ; - q

R*(z;7) |
6

Collecting the constant terms in the Taylor expansions with respect to Z on both sides yields

Z(2L(ﬁ(7’))+£r5k:2> (27;2;2)%: zfmeR%(Zqi‘lsm TZ) Ziz (n:F%)(—l)”*%q%

k>0 nerl
7\'22
Guze 5 qi sin(7z) Z ( 1)n—27332 . [3v n(1) Z ( 1)n_%7¥
= - g7 =iz 5= — 72,
R*(z;7) ) 2 F(z;7) 1
neZ—= €L—=

6

using (3.6). The sum on the right-hand side equals —n(—7), so the above becomes

3 2
SO o) P e [ 23 Fur) B

2 F(z;7) =
by (3.6) again. Using Lemma 2.7 with w = 27miz and x} = %ﬁ(7)7 we conclude
-~ 3 (2miz)k /3w o N .
2L + 76 — = 2 T - . 2 n.
,;0( () ar " 2) W MU IS 7;) rn (10,.f17) (2miz)

Comparing the coefficient of (2miz)* gives the claim for k > 2.
(4) The Serre derivative ¥j defined in (2.4) increases the weight of a modular object by 2
(note that the proof in [24, p. 48] goes through if f is non-holomorphic). We have

2k 1

By Lemma 3.3 and (1.4) this is a non-holomorphic modular form of weight 2. Hence D + % I3
maps a modular object of weight k£ to a modular object of weight k + 2. d

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Using (3.1) and Lemma 2.7 with w = 27iz and xp = %fk, we find

Sln 7TZ
72(¢) oo

R(¢;q) =

S Ty (6, f57)(2riz) (3.13)
k>0

From (1.1) and (1.5) we deduce that

k

(2
=" Rilq ﬂ. (3.14)

k>0
16



Substituting z — and applying (3.14) and sin(—%) = —isinh(3) in (3.13), we obtain

ZRk zk 2S1nh ZTrk (6, fi7

k>0 k>0

27ri

OO

By Lemma 3.5 the first property is satisfied, by Lemma 3.3 the second, and by Theorem 1.6 (1)
the third. (]

4. PROOF OF THEOREMS 1.3 AND 1.5

The following lemma rewrites the rank moments Ry in terms of the gy, defined by (1.7).
Lemma 4.1. For k > 1, we have

Rifg) = (2;: 3 (Z F 1) (gm) (2 ) f;) .

(=2
=k (mod2)

Proof. Both sides of the lemma are zero for k odd. Namely, since N(m,n) = N(—m,n), we
have that Ry is zero for k odd, and for ¢ odd, we have

By
ol=1 _ 1) 2 . 41
( 5+ 9e(7) =0 (4.1)
So, we may assume that k is even. Recall that by [5, equation (2.12)] we have, for k& > 2 even,
2 n n(3n 1) nm
Re(g) = —— > (-1)"g = (1—-¢") ) _ mhq (4.2)
(@)o0 n>1 m>0

Distinguishing between n even and n odd yields
2k—1(q)ooRk(q) _ Z (2m)k (_qn(6n+2m—1) _|_q(2n—1)(3n+m—2) +qn(6n+2m+1) _q(2n—1)(3n+m—1))

n>1,m>0
_ Z (2m — 6n)k(_qn(2m—l) + q(2n—1)(m—2) + qn(2m+1) _ q(2n—1)(m—1))’
m>3n>3

making the change of variables m — m — 3n. Interchanging the role of n and m in the second
and fourth sum the above becomes

- Z (2m 6n)k n(2m— 1)_|_ Z (zn_6m)kq(n72)(2mfl)

m>3n>3 n>3m>3
+ Z (2m _ Gn)kqn(2m+1) _ Z (21’L _ 6m)kq(n—1)(2m—1).
m>3n>3 n>3m>3

Making the change of variables n — n+2 in the second sum, the change of variables m — m—1
in the third sum, and the change of variables n — n+1 in the fourth sum, the above becomes

- Y @m—1-6n+1)f"Cm D4 N 20+ 1 - 3(2m — 1))k

2m—1>6n—1>5 2n+1>3(2m—1)>3
+ Z (2m — 1 — 6n — 1)kgnm=1 _ Z (2n — 1 — 3(2m — 1))Fg"®m—1
2m—1>6n+1>7 2n—1>3(2m—1)>3
= Z ((m—Gn—l)k—(m—ﬁn—{—l)k) g
m>6n+1>7
m odd

17



+ Z ((2n—3m+1)k —(2n —3m — 1)k) g

2n—1>3m>3
m odd

= Z ((m—ﬁn—l)k—(m—ﬁn—l—l)k) g

m>6n+1>7

+ Y (@n-3ma D - @n-3m-1)F) g (43)

2n—1>3m>3
We require the identity
k k
k kE_ ¢ _ (-1
G+ —@-1f=2 3 (g)w —2 % <£_1>m .
1<0<k—1 2<0<k

24 2[0

Using this and the fact that k is even, we obtain that (4.3) equals

2%( k ) B Z (m — 6 )é—l nm Z (2n — 3 )g_l m
2 01 m — 6n q n—3m q

_|é m>6n+1>7 2n—1>3m>3
2

Now the lemma follows from the definition of g. O

The generating function of the gy is closely related to the rank generating function.

Lemma 4.2. We have

72(q) 00 (miz)k
R((;q) =1+4 E .
sin (7TZ) (qu) + k>1gk’(7_) (k) — 1)‘
Proof. By setting X = % and t = —27iz in (2.5) we have
Tz 1\ (2mwiz)™
N, (2 , 4.4
sin(7z) Z <2> n! (44)

n>0

Note that, by (1.5), Ro(q) = > .50 2 mez N(m,n)q" = ﬁ is the generating function of
partitions. Hence, using (3.14) and Lemma 4.1, we obtain

0 (rica) - - )

sin (7z) (@)oo
. 1 (27riz)n ~ k k (25 _ 1) Byii (27”-2)k
_;Bn<2> n!;l? k ; (e) (g@+1(7)+ 200+ 1) ) Kl
a - £k (mod2)
= n\ (k LY 52— (2° = 1) Bpy1 \ (2miz)"
_,;) g (k) (€>Bnk<2) 92—k (ge+1(7)+ 2T+ D) > T

€>1 k¢ (mod?2)



where we make the change of variables n — n — k. Using (2.6), (2.7), and the fact that
Bn(1) =0 and B, (0) = —2==1 for m odd, for £ € N odd and n € N we find

= n\ [k 1 n noifn=(0+1

B il =)2%=—("7)B,_s(0)={2 ’
; (k) (€> k<2) (5) ¢(0) {O otherwise.
k%0 (mod 2)

Using the above and (4.1), we find
n ((2"1=1)B, (2miz)"

72(q) oo (R(C;q) _ (q;oo> _ Z .

sin (7z) =
The result follows by adding Sm(m) on both sides and using (4.4) and the fact that B,(3) =
U

—(1—=2Y"")B,.
Now, we are ready to prove Theorems 1.3 and 1.5.
Proof of Theorem 1.3. (1) Using Lemma 4.2 and then taking the derivative of (3.1) with

respect to z yields

2mz k kgi (T 27rzz)k !
=2r Z S 2 I (4.5)

27mz k=1
4mi Z fe(T)————exp 22 fr(r
E>1
Again using Lemma 4.2 we obtain
kgr(T) (2miz)k—1

2mz n+0— 14 2miz) -1
Ry 3 (1) ) e it i

—2 1\
k>1 nt>1 : (n+€ 1)' k>0

By extracting the coefficients of (27iz)*~1, we obtain (1).
(2) We send the exponential in (4.5) to the other side and apply Lemma 2.7 with w = 2miz

—ﬁ to obtain

2mz -1 ngn( 2mz )
Qka ) Z 2: 2 Z Trp (0, f;7)(2miz)™

k>1 n>0
g

Comparing the coefficients of (27miz)*~! gives (2).

Proof of Theorem 1.5. By (3.1), (3.14), and Lemma 2.3, we find that

and xp =

B\ ZF z
k>1 k>1
Taking the logarithm and expanding the right-hand side formally, we deduce that
By 2 (= k1. +k - 1
S e D D DI | (N Riy (o)
n>1 k1ye.oskn>1 7j=1

k>1
Let Q be the linear map on C[z] given by Q(2*) := k!2* for k > 0. Applying Q, we obtain

n+1
QZ(wafg)z’“:;( = (4.6)

—1)
Rz
o n(2:9),
k>1
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where we set

n

Ro(z:q) = Z <k1 +...+ kn) Skt tkn H(q)OORkj (q).

Kty >1 ks b j=1

To show that the Fourier coefficients of fk(T)—i—% are integral, it suffices to show that
these on the right-hand side of (4.6) are even integers. By (4.2) the Fourier coefficients of
(¢)cRi(q) are even. Hence, those of 2R, (z;q) are even. Let ki,...,k, € N. There exists
a unique partition A of length n associated to these k; (obtained by ordering the k; in non-
increasing order). Conversely, for a partition A of length n, there are (T1 (/\);;()\)7._') many

n-tuples (ki, ..., k,) with associated partition A\, where r,,(\) denotes the number of parts of
size m in A. Let P be the set of partitions and [A| = 3, A; the size of A € P. We replace the
sum over ki,...,k, by a sum over partitions. Then, we have (kllfj*,;i”) = ()\1 |A’.\_|>\n) and
rza= 3 (N ) ) e,
\ep Al,---,)\n 7“1()\),’/“2()\),... =1
L(A\)=n

The claim follows once we show that

"‘ <)\1, .|./\.|,)\n> <7“1(>\),7Z(/\), - ) (4.7)

Let d be the greatest common divisor of r1(A), 72(A), . ... Since }_ ~; rm(A) = n, we have
that d | n and we write n = rd. Moreover, note that one can write the partition (A1,...,A,)
as (l1,...,01,0a,...,la,..., Ly, ... L), where each ¢; is repeated d times. First, we show that

d ’ ()\1, M : )\n> ' (48)

We factorize the multinomial coefficient as

d
Y, P i (19)
Ay An BB, ) '

where %‘l occurs d times in the first multinomial coefficient on the right-hand side. All of
the multinomial coefficients are integers and by Lemma 2.8 with n = |\| and a; = %‘l for
je{l,...,d}, we find that d divides the first factor in (4.9) and hence, (4.8) holds.

Again using Lemma 2.8, in this case with a,, = r,,(\) and d = ged(aq, ..., ap), we have
7| (n(/\) ;;(/\) ). Combining this with (4.8) gives (4.7). O

Finally, we refine Lemma 3.5 by computing the first Fourier coefficients of fi. In particular,
the f; are naturally normalized in the sense that the second Fourier coefficient is one.

Proposition 4.3. For k > 2 even we have

_ B 2 k 3 4
fulr) = —SE+a+ (2P =1) @ +0 (a).
Proof. Recall that (¢)ecRi(q) = 0 for k odd. By (4.2), we have for k even
(@)oo Rilg) = 24> +2 (25 = 1) ¢* + O (¢").
20



Hence, we have [[7_;(q)oc Rx; (q) = O(q*) if n > 2 and k; € N even. Therefore, by (4.6),

QZ(fk )z —9 Z (q +(2’“ )q?’)zk+0(q4). 0

k: even

Remark. Using a similar argument as in the proof of Propostion 4.3, one can show that the
n-th Fourier coefficient of fx is a linear combination of the k-th powers of {1,...,n — 1}.

5. EXAMPLES

Here, we write down the first Fourier coefficients of the Eisenstein—type series fi. We have

1
fQ(T)Z—ﬂ—Fq +3¢% + 5¢" + 7¢° + 9¢° + 104" + 13¢° + O(¢°),

1
fa(r) = %+q +15¢° 4 59¢* + 139¢° + 255¢° + 406¢" + 595¢° + O(¢”),

1
fo(r) = —ﬁ +¢% + 63¢° + 635¢" + 2827¢° + 8199¢° + 18550¢" + 36043¢° + O(¢°),

fs(1) = @ + ¢* + 255¢° + 6179¢" + 53179¢° + 253815¢° + 8449664" + 2234875¢° +O(q )
Some examples for Theorem 1.6 (1) are given by

2 fi 3G3 Gy
D = — _—— = — E—— R
(f2) f2Go > "1t Ty

2 7 Gg
D(f4) = 6f22G2 — 18f2G§ — foGy — f4Go — gfgg - fng f6 + 18G3 +3G9G4 + — 30
D(fs) = —60f5Go 4+ 270f2G2 + 152Gy — 540 foG3 + 30f4f2G2 — 90f2G2Gy — f2Gs

5f1G 11 2517
— 45£4,G3 — fsGoy — J1 4+5f§—5f4f§—7f6f2——f4 —f8+4O5G4

2 3 4
21855G% 5 39Gs
73652 + 135G2G4 + 3G9Gg — 7511287
D(fs) = 840f4Gy — 5040 f3G3 — 280 f3 G4 + 15120 f2G5 — 840 f4f2Go + 2520 f2GoGy
305970

+ 282G — 22680 fG3 + 2520 f4 foG3 — f2G3 + 56 f6 f2G2 — 7560 fG3G4

913

39£,G
+ 1404 f2G4 — 168 fo G2 G + 5123 S _2520f,G3 — 84fsG3 + T0f2Gy — f3Go
14fsGy  14f4C 280 28 70
—14204GoCy — 0 TG o B0 g X gz - D sk
322 2 917910
- g“fﬁ - {;0 + 136083 + — 15— GG + T560G3G + 252G3G
19352886G4Cs | 3675110 117G:Gy
1983949 1803590 913

6. QUESTIONS FOR FUTURE RESEARCH

We end by raising some open questions.
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(1)

The three properties of the fi given in Theorem 1.2 do not determine them uniquely.
Therefore, we provide two recursive definitions of fi in Theorem 1.3. It would be in-
teresting to find “nice” properties that define an Eisenstein—type series uniquely. For
example, the fact that G} is a normalized Hecke eigenform of weight k£ which does not
vanish at 100 determines it uniquely. As the coefficient of ¢ in the Fourier expansion of
the fi vanishes by Proposition 4.3, one deduces that fi cannot be a Hecke eigenform with
respect to the usual action of the Hecke operators on g¢-series.

The functions fa, f4, f6, ... together with Go, G4, and Gg, do not seem to satisfy any
algebraic relations. This has been verified numerically up to weight 24 (and also up to
mixed weight 12). Is it indeed the case that the algebra F is free?

What variations of the gy, in particular in the range of summation, are also mock modular?
More concretely, for which a,b € N is the function

Z (an — bm)* g™ — Z (n — abm)*~ g™

an—1>bm>b n—1>abm>ab

an Eisenstein—type series? Note that a = 2 and b = 3 yields the function gy in this paper.
Are other choices of a and b also of particular interest? Do these functions, together with
those in [25, p.15] and [19, equation (1.4)], form the first examples of a theory of (higher
level) Eisenstein—type series?
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